Abstract. We prove some asymptotic formulae concerning the distribution of the index of Farey fractions of order Q as Q → ∞.
Introduction
Let F Q = {γ 1 , . . . , γ N (Q) } denote the Farey sequence of order Q with γ 1 = 1/Q < γ 2 < · · · < γ N (Q) = 1. This sequence is extended by γ i+N (Q) = γ i +1, 1 ≤ i ≤ N (Q). It is well-known that
For any two consecutive Farey fractions γ i = a i /q i < γ i+1 = a i+1 /q i+1 , one has a i+1 q i − a i q i+1 = 1 and q i + q i+1 > Q. Conversely, if q and q ′ are two coprime integers in {1, . . . , Q} with q + q ′ > Q, then there are unique a ∈ {1, . . . , q} and a ′ ∈ {1, . . . , q ′ } for which a ′ q − aq ′ = 1, and a/q < a ′ /q ′ are consecutive Farey fractions of order Q. Therefore, the pairs of coprime integers (q, q ′ ) with q + q ′ > Q are in one-to-one correspondence with the pairs of consecutive Farey fractions of order Q. Moreover, the denominator q i+2 of γ i+2 can be easily expressed (cf. [5] ) by means of the denominators of γ i and γ i+1 as
This formula was recently used in the study of various statistical properties of the Farey fractions [1] , [2] , [4] , leading to the definition in [2] of a new and interesting area-preserving transformation T of the Farey triangle T = {(x, y) ∈ [0, 1] 2 ; x + y > 1}, defined by
T (x, y) = y, 1 + x y y − x = y, 1 − x − yG y 1 + x , where G(t) = {1/t} is the Gauss map on the unit interval. The set T decomposes as the union of disjoint sets (see Figure 1) T k = (x, y) ∈ T ; 1 + x y = k k ∈ N * = {1, 2, 3 . . . },
and
T (x, y) = (y, ky − x), (x, y) ∈ T k .
For later use, we also define the upper triangles T ′ k with vertices at (1, 2/k), (k − 1)/(k + 1) and 1, 2/(k + 1) , k ≥ 2, and the lower triangles T ′′ k with vertices at k/(k + 2), 2/(k + 2) , (k − 1)/(k + 1), 2/(k + 1) and 1, 2/(k + 1) , k ≥ 1.
For all integer i ≥ 0, we have
It was noticed and extensively used in [2] that
whenever q, q ′ and q ′′ are denominators of three consecutive Farey fractions from F Q . This shows immediately that
We also note that
In [4] , the integer
was called the index of the fraction γ i in F Q , and various new and interesting results concerning their distribution were proved, including the striking closed form formulae
The following asymptotic formulae were also proved in [4] :
where
In an earlier version of [4] , it was proved that (1.7)
It was also conjectured that for every h ∈ N * , there is a constant A(h) such that
as Q → ∞. In this note, we first prove that this conjecture holds, finding also the finite constant
All the numbers A(h) are rational and A(1) = 
and prove
as Q → ∞.
(ii) For every integer h ≥ 1 and every t ∈ [0, 1], we have for all ε > 0,
For 0 < α < 2, we define
Employing the results from [2] , we give the following generalization of (1.7):
(ii) For every α ∈ (0, 3/2) and t ∈ [0, 1], we have for all ε > 0,
Note that
which is consistent with (1.5) and (1.4). Finally, we show that (1.6) with error O(Q log Q/k) can be derived from Lemma 2 in [2] . In our framework the geometrical significance of the constants l k and u k is apparent, as
then we deduce as a result of Lemma 10 in [2] the following generalization of (1.6):
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Proof of the main results
We denote throughout
By (1.2), we get
leading to
Since the pairs of denominators of consecutive elements in F Q coincide with the elements of the set
Taking also stock on (1.3), this further yields
If we set
We wish to estimate
vis . Since the sets from the right-hand side of (2.2) are mutually disjoint, we now have
The following lemma is proved in a similar way as Lemma 2 in [2] .
be a bounded region with rectifiable boundary ∂Ω and let R ≥ min(R 1 , R 2 ). Then we have
Remark 2.3. Let a b c d ∈ SL 2 (Z), let Φ be the linear transformation on R 2 defined by Φ(x, y) = (ax + by, cx + dy), and let Ω be a bounded region in
whenever Ω ⊆ T . In particular, this gives
Lemma 2.4. [2, Lemma 5] Let r ≥ 1 and suppose that i = j and that
Corollary 2.5. Assume that min(k, l) > c h = 2 h+1 . Then we have
We now infer from Lemma 2.4 that |h + 1 − 1| > h, which is a contradiction. Remark 2.6. A careful look at the proof of Lemma 2.4 shows that the constant 2 r+1 can be lowered to 4r + 2 (see Lemma 3.4 and Remark 3.5 in [3] ). Note also that T ±1 T * m ⊂ T 1 for all m ≥ 5. By Lemma 3.4 in [3] it also follows that for all r ≥ 2 and all m ≥ c r = 4r + 2, we have ∪ r i=2 T ±i T * m ⊂ T 2 . In summary, we have
Suppose first that k > c h . Applying Corollary 2.2 to Ω = Q(T * k ∩ T −h T * l ) with area(Ω) ≪ Q 2 /k 2 , and with length(∂Ω) = Q length
we infer that
By (2.6) and area(T * k ) = O(k −2 ) we gather
When k ≤ c h , we employ Remark 2.3 and equality (2.4) to get
Applying now Corollary 2.2 to Ω = Q(T * l ∩ T h T * k ) with length(∂Ω) ≪ h Q/l, and using the fact that T is area-preserving, we obtain
(2.8)
We may now employ (2.7) and area(T * l ) = O(l −2 ), to get
Inserting (2.9) and (2.7) into (2.5), we collect
We conclude the proof of Theorem 1.1 (i) by noting as in (2.3) that the sum in the right-hand side of (2.10) is equal to
We set
where e S denotes the characteristic function of the set S. By Remark 2.6 we gather that the product of R 0 and g equals
Hence,
In a similar way, we get
Using (2.11) we may now write
(2.12)
The function f 0 belongs to L 2 (T ) as a result of
Since T is area-preserving, we also have
, and the Cauchy-Schwarz inequality gives in conjunction with (2.12)
To prove (ii), we proceed as in Section 8 in [2] and note that the relation a ′ q − aq ′ = 1 between two consecutive Farey fractions of order Q shows that a = q −q ′ , whereq ′ ∈ {1, . . . , q} denotes the multiplicative inverse of q ′ (mod q). Thus the condition a/q ∈ I with I = (α, β] ⊆ (0, 1] interval, is equivalent toq ′ ∈ I q = [(1 − β)q, (1 − α)q). As a result, we may write
, and employing (2.6) and (2.8), we infer that
Proof of Theorem 1.2. This is similar to the proof of Theorem 1.1. We get as in (2.3)
(2.13)
However, Corollary 2.2 gives
which we insert into (2.13) to get
Finally, Theorem 1.2 (i) follows from (2.14), and from 
where F α (Q) is as in the statement of Theorem 1.2. The equalities
) and by means of Corollary 2.2, we find
The estimate on U (Q, k) in (1.6) follows in a similar way. Theorem 1.3 is derived from Lemma 10 in [2] in a similar way as above.
Some numerical computations
The transformation T maps each region T k onto its symmetric with respect to the first bisector. That is,
Moreover, we notice that the inverse T −1 of T can be expressed as
We now infer from (3.2), (3.1), and the fact that T is area-preserving that
Thus, to evaluate A(h) via (2.11), it suffices to consider m ≤ n only. We find the following table for the value of area(T T * m ∩ T * n ) n = 1 n = 2 n = 3 n = 4 n ≥ 5 m = 1 We also find the following table for the value of area(T 2 T * m ∩ T * n ), which is symmetric as a result of (3.3), n = 1 n = 2 n = 3 n = 4 n = 5 n = 6 n = 7 n = 8 n ≥ 9 m = 1 .
However, each region T r T m is a finite union of triangles with rational numbers as vertex coordinates. Thus A(h) is a rational number for any h ∈ N * .
